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Motivation for Moment Methods

® Sufficiently rarefied gases violate the continuum assumption, and existing models, like the
Navier-Stokes Equations, break down

Kn = 2
T

® For cases such as strong shocks or nanoscale flows, non-equilbrium effects can be
important for physically accurate modeling, but are invisible to continuum models
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Introduction

Motivation to Investigate Non-Equilibrium

® Shock structure is not discontinuous, and the thermodynamic temperature doesn't tell
the whole story
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Moment Methods

Advantages with moment methods

® |nherently capture anisotropies, and other non-equilibrium physics like heat fluxes, by
modeling gases probabilistically

® Efficient to solve, if you can solve the Euler equations, you can solve a moment method
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Moment Methods

Advantages with moment methods

® |nherently capture anisotropies, and other non-equilibrium physics like heat fluxes, by
modeling gases probabilistically

® Efficient to solve, if you can solve the Euler equations, you can solve a moment method
Still have some problems
® Ensuring resulting PDEs are robustly hyperbolic has been challenging

® | ots of work on academic one-dimensional models, but extensions to a realistic
three-dimensional gas is difficult
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Kinetic Theory Background

® Distribution Function:

F (xi, vi, t)
® Moments:
Uj.n = /// mv;vj...vp Fdvi = (mv;v;...v, F)
00
U=(mF)=p Ui = (mv,. F) = puy Uy = <mv3]—"> = pu? + Py
® Random Part of Moments with ¢; = v; — u;:
P, = (mccc, F) Qo = (mcic, F) Reyz = (mcic,c.F)

® High-order Convected Moments:
Uik = (mvviwF) = (m (ui + ;) (uj + ¢) (uk + c&) F)
= (m(ujujux + Giujux + Gjujuy + Ceuiltj + CiGjuy + CiCklj + Cicruj + cicjc) F)

=pujuju + Pjue + Piuj + Pjeu; + Q,‘jk



Background

Boltzmann Equation and Maxwell's Equation of Change

® Boltzmann Equation:
oF OF _OF

ot ok T ot
® Maxwell's Equation of Change with velocity weight vector w = [wy, wy, ..., W,,]T and BGK

collisions:
F—M>

T

0 d
pw (mwF) + o (mwv,F) = <—mw

® Collision frequency can either be constant, or modeled based on the local state

F= Href ( T >w
p 7_ref

® Written with moment vector U, flux vector F;, and source vector S:
ouU OF; ou dF;0U
ot tag W T e T
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Background

Euler Equations

® Gases in local thermodynamic equilibirum have a Maxwellian distribution
3

]—":M:p< d >2exp<p(vi—ui)(Vi—Ui))

m \ 27p 2p
® Continuity Equation:
0 0
9t (p) + E (pui) =0

Xi

® Momentum Equation:

0 0

pn (pui) + By (pujuj + Péjj) =0

® Energy Equation:

0 0

— (puju; + 3P) + —— (pujuju; + 5Pu;) =0
ot ox; !
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Existing Non-Equilibirum Models

Get the statistics directly
® Numerically Integrate Kinetic Equations (BGK)
® Direct Simulation Monte Carlo (DSMC)

Existing moment closures by assuming a distribution function
® Grad Hierarchy (Grad, 1949):

F = (aoHo(vi) + ajH;(v;) + ajuHje(vi) + ... ) M
¢ Maximum Entropy (Dreyer, 1987, Miiller and Ruggeri, 1993, Levermore, 1996):
F =exp(a’ w)
® Phi-Divergence (Abdelmalik and van Brummelen, 2015):

aTw N
f:/\/l<1+ N)
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Background

New One-Dimensional Closures

® HyQMOM Hierarchy (Fox and Laurent, 2022) and Orthogonal Polynomial Hierarchy
(Morin and McDonald 2024) focus on resulting PDEs instead of integrable distribution

® Example of the new hierarchies, 4-moment equations:

(p) + & (pu) =0

Sl

P (pu) + 2% (pu* +p) =0

|

(pu? +p) + 2 (pu® +3pu+q) =0

Q|

t

2 (pu®+3pu+q) + 2 (pu* + 6pu® +4qu+r) =0

_rd | 3P
r—2p +3p
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Background

New One-Dimensional Closures

® Flux Jacobians in one dimension of velocity space have the form of a companion matrix:

[0 1 0 ... 07
0 0 1 ... O
aF | S
du — . . . . .
0 0 o ... 1
OF, OF, OF, OF,
LoUy ol oU; Tt 9URd

® Which have the characteristic polynomial:

aFX _\n % n—1
det()\l— 8U>)\ 8U,,/\

® Extending the mathematical properties of the one-dimensional closures to realistic,

_OFn, OFy, OF, .

6U2 8U1 an

three-dimensional gases has proven challenging
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10-Moment Equations

® The maximum entropy distribution for a realistic three-dimensional gas with a general

pressure tensor P;; has a Gaussian distribution:
1
1Lrpye/ 1 2 P -1
- (L _Ppg )
g m (277) (detP,-j) exp( 2" Y

0 0
E(P)JF 87(1,(/)“:') =0

® Continuity Equation:

® Momentum Equation:
0 0
or P+ Gy oy Pi) =0

® Energy Equation:

0
pw (pujuj + Pjj) + o
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Background

10-Moment Closure Structure

® Re-order equations with w = [1, Vi, V2, Vy, VxVy, Vz, Vi Vz, vf, Vy Vz,

resulting Jacobian in the x-direction

p
Plx
puz + Pxx
puy
puxuy + ny
puz
pUx Uz + Py
pu§ + Py,
puyuy + Py,

L pu2 + P,

Ethan D. Rice

Ox

Plx
pUE + P
puS + 3Py
puy
puxuy + Py,
pU,%Uy + 2'nyux + Pxxuy
puz
pUxUz + P,
,ou)%uz + 2P, uy + Py uy,
puxuf, + 2P, uy, + Py ux

puxuyuy + Py uy + Pgu, + Py u,

puxug + 2P, u, + Poyuy
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Background

10-Moment Flux Jacobian

® Sparse upper allows for some decoupling of the sub-systems

0 1 0 0 0 0 0 00O
0 0 1 0 0 0 0 00O
up — 3Bt —3uf + 38 3u, 0 0 0 0000
0 0 0 0 1 0 0 00O
OF, vu, — % - MTYUX —2uuy + 2’:” u,  —u2+ % 2ux 0 0000
ou 0 0 0 0 0 0 1 000
wu, — Bote 2Pt 0y, 4 2Py, 0 0 —ui+P= 20,000
uxuﬁf%fmTy“y fu}2,+% 0 f2uxuy+2p%2uy 0 0 u 0O
UxUy U, — %— % —% —uyuz—i—% 0 —uxuz—i—% u; —uxuy, + P;y u, 0u0

i uxu? — % — QPXTZ"Z —u?+ % 0 0 0 —2uyu,+ 2";” 2u; 0 0 uy]

® Block diagonal structure also breaks up the characteristic polynomial:

det(A/—aa':j>=He3( é(A—uX))-Heﬁ( P‘:X(A—ux)).Hef( PLXX(A—UX)):O
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Background

10-Moment Flux Jacobian
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20-Moment Equations

® Continuity Equation:

® Momentum Equation:
0 0
(puj) + o0 (pu ui+P;)=0

ot
® Energy Equation:
0 0
7% (puiu; + Py) + T (pujujug + Pijug + Pixuj + Py + Q) = S (U)

® Heat Flux Equation:

5] 5]
5 (puiujuk + Pjug + Piuj + Picui + Qijk) + (pu,uJUku/ + Pjuiu; + Picujup + Pyeujuy

+Pyuju + Pyujui 4+ Piyujuj + Qiij/ + Qjjruk + Qiuj + Qjuui + Rij) = S (U)
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Technique for Extending High Order Closures to Multidimensional Gases

® What if you build similar flux Jacobians for higher-order, non-equilibrium systems but
with the same block diagonal structure?
® Requirements:
1. Flux Jacobian must have real eigenvalues
2. Convected moments should be Galilean invariant
® Variables for a 20-moment closure:
1. Scalar p for density
. Vector u; with 3 entries for velocity
. General pressure tensor Pj; with 6 entries
General heat flux tensor Q;j with 10 entries
Full tensor Rjyq has 15 entries (10 of which close system of 20 known moments per direction)

GIEREN
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New Model

20-Moment Closure Construction

® Begin by prescribing the desired
one-dimensional closures for each subsystem
block along the main diagonal
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New Model

20-Moment Closure Construction

® Begin by prescribing the desired
one-dimensional closures for each subsystem
block along the main diagonal

® Lower triangle elements can be used to get the 3x3

correct convected form of the moments
without spoiling hyperbolicity

® Symmetries between %’LX, %% and %’ij can
further be imposed to improve rotational

properties

2x2
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20-Moment Closing Fluxes

® Closing Rjjy which are robustly hyperbolic, and symmetric between Jacobians in each

direction
2 P2 Q2 P2 2 P2
RXXXX = 2% + 37XX Ryyyy =2 Y + 3l Rzzzz = 27szz + 3l
xx p 'D}’y p zz P
RXXXy — 2 QX););() QXXy + 3 PXX PXy RXXXZ — 2 QX);(, QXXZ Jr 3 PXX PXZ nyyy — 2 Qny Q_yyy Jr 3 ny Pyy
xx P XX 14 yy
PP P,, P P,.P
Ryzzr = 2 Qezz Qe 43 X% Ryyyz = 2 Qyyy Qyyz + 3wz Ryzez = 2 Q222 Qyzz L3l
Pz 4 Yy p P,
Regy = o, Dy P PuPy Qe @ ,PL | PoPa
Pxx P Yy p P Pux Pz, P P
2 2 2
Ryyzz _ nyz + Qyzz + 2 i + P vy P 7z
Pyy Pz P 4
RXX . = QXXy QXXZ Jr QXXX QX_yZ + PXX PyZ + 2 PXy PXZ RX , = Qny Qy_yZ + Q_yyy QXyZ + P)(Z Pyy + 2 ny Pyz
’ P P p p 7 Pyy Py p
Qyzz szz szz Qxyz P, xy P. zz P, Xz P yz
Ryyzz = + + +2
Xyzz P. zz Pzz P P
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Numerical Results

Multidimensional Riemann Problem

® Similar to a classic Sod shock tube, bubble of high density and pressure but same
temperature as surroundings
® Study the model's structure in three regimes:
1. Continuum, particle collisions fully relax moment methods to Euler solutions
2. Transition, moderate particle collisions and regime of highest interest for moment methods
3. Free Molecular, no particle collisions and shows mathematical structure of PDEs

Donsty (kgim
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Numerical Results

Multidimensional Riemann Problem
® 20-Moment continuum solution matches Euler

Continuum Density p
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Numerical Results

Multidimensional Riemann Problem
® Heat flux inside waves can be captured

Continuum Radial Heat Flux Q,,,
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Numerical Results

Multidimensional Riemann Problem
® 20-moment transition solution also agrees with expensive BGK solution

Transition Density p

BGK
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Numerical Results

Multidimensional Riemann Problem

® Heat flux throughout the domain is captured very well

Transition Radial Heat Flux Q.
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Numerical Results

Multidimensional Riemann Problem
® Free molecular no longer agrees with BGK, but has expected differences

Free Molecular Density p
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Numerical Results

Multidimensional Riemann Problem

® Free molecular no longer agrees with BGK, but has expected differences

Free Molecular Radial Heat Flux Q.
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Mach 8 Shock Profiles for a Realistic 3D Gas

® Non-equilibrium throughout the shock is accurately captured

® Temperature anisotropies can be efficiently resolved
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Mach 8 Shock Profiles for a Realistic 3D Gas

® Non-equilibrium throughout the shock is accurately captured

® Temperature anisotropies can be efficiently resolved
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Numerical Results

Hypersonic Flow Past a Plate, Mach 8, Kn = 0.1, (Boccelli et al

20-Moment versus DSMC Density

. 2023)
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Hypersonic Flow Past a Plate, Mach 8, Kn = 0.1, (Boccelli et al. 2023)

20-Moment versus DSMC Temperature Anisotropy
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Hypersonic Flow Past a Plate, Mach 8, Kn = 0.1, (Boccelli et al. 2023)

20-Moment versus DSMC Heat Flux
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Numerical Results

Double Mach Reflection (Deschambault and Glass, 1982)

® |ncoming shock wave encounters wedge

Mach 7.1
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Numerical Results

Double Mach Reflection (Deschambault and Glass, 1982)

® |ncoming shock wave encounters wedge

® |nteraction results in similar shock structures that are seen in detonations, but for an inert

gas
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Numerical Results

Double Mach Reflection (Deschambault and Glass, 1982)

Experimental Density 20-Moment Density
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Numerical Results

Non-Equilibrium in Double Mach Reflections

¢ Difference between 20-moment model
and Fourier's Law is significant

1
'2Qijj — kVT' >0

Magnitude

® Temperature at the triple point is
highly anisotropic
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Conclusion

® The new hierarchy of moment methods can capture non-equilibrium effects present in
strong shocks which are otherwise invisible or expensive for traditional methods

® Model can be made more sophisticated to account for rotational and vibrational energy
modes of larger molecules

® Comparison between new model and DSMC for other Knudsen number regimes in the
works

® Realistic solid-wall boundary conditions in development

Thank you!
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